Low-lying electronic states of very long linear conjugated molecules with equal CC bond ]engths is studied within the framework of Pariser and Parr's TC electron approximation, by 'means of Tomonaga's one-dimensional sound wave method. It is found that as the number N of carbon atoms increases, the frequency of the sound wave with the lowest wave number . tends to zero in proportion to vTog~NIN. It is shown that Araki and Murai's treatment which gives a result contradicting with ours contains a difficulty. § 1. Introduction
There has been found an interesting experimental rule 1 ) on the wave-length of !the first optical absorption band of linear conjugated molecules, such as polyenes, "carotenoids, cyanine dyes. As the number N of carbon atoms. increases, the wavelength grows longer but in cases of polyenes and asymmetric dyes the wave-length Iconverges to a finite limit, whereas in the case of symmetric cyanines the wavelength seems to increase linearly with N. An explanation of this rule was given ;at first by Kuhn
) :
From the standpoint of the VB theory there exist two equivalent structures with the lowest energy for any symmetric cyanine, but in the case 'of a polyene or an asymmetric dye molecule there exists only a single structure with the lowest energy. Hence in the former molecules all C -C bonds become ,'equivalent on account of the resonance, while in the latter ones single and double 'bonds tend to localize due to the incomplete resonance, and the bond lengths alternate. This alternation has been concluded also from the MO theory.S) As a result 'of this the Hartree field for 7r-electrons in polyenes and asymmetric dyes has the _period of two bond lengths, and in the limit of N -) co we get two energy bands, ,one completely filled and the other empty, which are separated by a Brilliouin gap of finite breadth, so that the wave-length of the absorption corresponding to the 'transition from the top of the filled band to the bottom of the empty band converges to a finite value.
Another explanation of this convergency was proposed by Araki and Murai. 4 ) They maintain that the correlation among 7r electrons is very strong. Then they :adopted a one-dimensional free electron model, and calculated its excitation energy by using Tomonaga's one-dimensional sound-wave method.
D )
In this method low .excitations of this electron system may be interpreted as creations of bosons belonging to sound-waves of these electrons. They have ascribed the first absorption of a carotenoid to the creation of the boson with the lowest wave number or the lowest energy, and they have also succeeded in getting the convergency.
As has been pointed by several authors, Araki and Murai's theory cannot be regarded as established because it is not clear why such a sound wave does not exist in symmetrical dye molecules. However, the above objection does not give a positive proof that the sound-waves do not exist or the collective excitation does not correspond to the observed first absorption of a carotenoid. Moreover, if any theoretical difficulty could not be found in Araki and Murai's treatment, it would be natural to accept their opinion that the correlation effect is very strong. Then the validity of Kuhn's explanation would also become doubtful, because Kuhn's treatment is based on the simple MO method in which the electron correlation is.
neglected without any reason.
However, Araki and Murai's result also cannot be accepted straightforwardly, because in their treatment several drastic simplifications are made. Accordingly, it seems necessary and interesting to make a more careful theoretical study on low-lying electronic states of linear conjugated molecules at the limit of N~ co.
In this first paper we restrict ourselves to the atomic configuration where all the C -C bond lengths and all the C -C -C bond angles are equal, respectively (See Fig. 1 ). Throughout in this paper the straight line passing through the middle point of each C -C bond is taken as the x-axis and a line which is perpendicular to this x-axis and lies in the molecular plane is taken as the y-axis (See Fig. 1 In our treatment the effective Hamiltonian for the low-lying electronic states under consideration is constructed on the basis of Pariser and Parr's 7[ electron approximation 6 ) which has gained great success in the interpretation of opticaI spectra of organic molecules. Then this Hamiltonian is diagonalized by means of the T om onaga theory of one-dimensional sound waves. § 2. The Ham.iltonian for the 7[ electron system.
In the usual theory of 7[ electrons, one assumes that it will bring no senous error to treat the 7r electrons separately from the remaining electrons, that IS., one "
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supposes that the role of the latter electrons. is only to give a classical electrostatic: field for the 7r electrons. In this approximation these 7r electrons form a closed system whose Hamiltonian is given by
(2 ·1)
In the above, the quantized wave function of this IT electron system is denoted by'
¢(x), in which x=(x, C), x and, being respectively the space and the spin coordinate, and K is the kinetic energy operator -(ft2/2m) iJ, and further U (x) is: the electrostatic potential for a 7r electron due to the 7r-electronless molecular ion. core. This U (x) may be written as
where u R(X) is the potential due to the ion core belonging to the R-th atom. Following Pariser and Parr, we simplify the Hamiltonian (2·1) by following:
procedures I, II and III.
(I) We adopt the formal procedure of the LCAOapproximation, 1. e. we:
where C[JR(X) is the 2p7r orbital of the R-th atom, and 0" is a spin function a or /1~" (II) We neglect formally differential overlaps of the form
except in the following integral
where l denotes 1 or -l. Then, the commutation relations of the operators:
and, substituting (2·2) into (2 ·1), we get 
-N/2;<O;Rl,R2;S;N/2 (2·6) . where (3) (2·7)
and 
T(R I )T(R 2 ) ·J(R I -R 2 )
-N/2;<O;Rl ,R2~N/2
-N/2::;:;;Rl,R2~Nf2
'where we have introduced the notation 
T(R I )T(R 2 )J(R 1 -R 2 )
-N/2~/lt, R2;<O;N/2 (III) In the Hamiltonian (2 ·13) Band J(O) are regarded as empirical parameters. Therefore they are not always the quantities restricted by (2·3) and (2·9) respectively, but more flexible ones which contain to some extent the effect of electron correlation of short range character formally neglected in the procedures to derive (2 ·13). Strictly speaking, the orbital CPR corresponding to the operator b(R, 0-) appearing in the present Hamiltonian cannot be defined explicitly as the 2pr:: AO itself or the Wannier function.
In any rate, PR given by (2·7) may be regarded as an operator corresponding to the number of electrons belonging to the R-th atom. Now we define p~N' (n=O, ± 1, ± 2, ... ; Inl < N/2) by the following equation,
e. the first term on the right side
of (2 ·11) becomes
If N is infinitely large, the second term on the right side of (2 ·15) is negligibly small compared with the first term. * Accordingly we use the following approxima-* This is owing to the fact that our J (R) approaches to zero at a sufficiently rapid rate as R increases, as well as to the fact that J (R) is a slowly varying function in the region R'? 1.
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tion:
We next consider the second term on the right side of (2· 11), 1. e. 
From this one can easily derive the conclusion that HYZ) is negligibly small compared with HS.l). Therefore we obtain 
where a is the length of the x-component of a vector combining two adjacent carbon atoms (d Fig. 1 ). Here we assume for mathematical convenience that
where k=27rnjJ.V and r is some dimensionless number. Then we obtain
where J(N) [k] =J~N\ k and n being combined by the relation k=2 7r njN, and k retains a finite value irrespective of N by the process n ~ co according as N ~ co. In the above, Ko is a modified Bessel function of the second kind. In the kinetic part Ho given by (2·5) we use the following approximation, for Inl <t N. § 3. Eigenvalues of the Hamiltonian
Here we seek for excitation energies of low excited states of our system whose Hamiltonian is given by (2·17) and (2·23), i. e.
H=Ho+HI
Ho == ::so E (11) ~~O , HI == ~-2J I n ,on p-n n n (3 ·1) where I n is the abbreviation of J~N) and so on. According to Tomonaga,r" sufficiently ·low excited states given by the above Hamiltonian may be interpreted as the oscillating states of density waves, if for these low excited states the Hilbert space may be replaced by the sub-space in which holes and excited particles exist only in the neighbourhood of the Fermi levels. Here we assume that our HI, i. e. the Coulomb interaction, allows this replacement in a good approximation, though we cannot say that there is no question about this assumption.
At first, ,on is splitted as where
Then, m our sub-space the following commutation relations hold, The frequency of ana is (l/in) E (n). Further, for a;'+(nj2)a and a n '-(nI2)a appearing in the expression of (ir; in (3·2), we may use the following approximation, 
for negative as well as positive n
Though (3·6) IS valid only In a restricted sense, we suppose, according to Tomo-naga, that the operators "fJn*"fJn and 1n *1n are usual number operators of some independent Bose particles. Then our assemblage of interacting 1r electrons becomes ,equivalent to an assemblage of non-interacting bosons belonging to two different groups. One of these groups corresponds to usual charge-density waves (plasma waves). Their energy quanta n(V~N) (n= ± 1, ± 2, ... ) are given by
Thus, the energy quantum of the plasmon with wave number k/ a=2rcn/Na is
where
. Therefore, using eq. (2·21), we obtain (3·9)
It should be noted that eq. (2,20) gives the relation
for fixed values of n, because, in the case of infinitely large N, Jf") oc I/N-logN as easily shown from eq. (2·20) and E'(nF') oc1/N. Another group of the bosons corresponds to spin-density waves whose energy spectrum is equal to the one given by a non-interacting particle model:
Evidently n(/j~N) ~ nw~N) for sufficiently small n. (3 ·10) and (3 ·11) tell us that the lowest excited state is given by creating one boson corresponding to the spin density wave with the lowest frequency (/j}N). However, a simple consideration on the spin symmetry leads to the conclusion that the absorption of a photon by our spin density wave is forbidden. Then we assume, according to Araki and Murai, that the first optical absorption band corresponds to the creation of one plasmon with the lowest energy quantum nwV'"').
Then the result shown in eq. (3 ·10) does not give the convergency of the absorption wave-length. This disappearence of the convergency will be inevitable as long as we adopt the model shown in Fig. 1 , because the use of the Tomonaga theory seems to bring no serious error into the plasma frequencies. This fact is favorable to those who suggest the existence of the bond alternation or a Brilliouin gap in the spectra of Ho.
It is obvious that the Tomonaga theory cannot be directly applied to the system According to them we adopt the following picture: the 7r electrons are kept jn the rectangular parallelopiped shown in Fig. 2 in which L, the longitudinal length 'of this pipe, is equal to the chain length of the conjugated double bonds, and the transverse motions of these electrons are fixed. In this case one should write the quantized wave function as
if the periodic boundary condition at both ends of this pipe is allowed. In the above
and fey, z) describes the transverse motion and is normalized on the transverse section of this pipe whose area is denoted by A=LyLz and is a constant irrespective
Then the Hamiltonian for the 7r electron system becomes of the same form as that given in (3 ·1), provided that
and J n IS an abbreviation of The long-range part of this potential is unreasonably large.
